Class XII Chapter 6 — Application of Derivatives Maths

Find the slope of the tangent to the curve y = 3x* — 4x at x = 4.
Answer
The given curve is y = 3x* — 4x.

Then, the slope of the tangent to the given curve at x = 4 is given by,

"‘“—‘} =12x' —4]  =12(4) —4=12(64)-4=764
dy |, o=
1I_Jr—]
Find the slope of the tangent to the curve  ¥—2 , X #2atx = 10.
Answer

x—1
rll =
The given curve is x-2,

v _(x-2)()-(x-)()
dx {1‘—1}_‘

:_1;—2—_1'+1: -1
-2 (-2

Thus, the slope of the tangent at x = 10 is given by,

ﬂw i~ -t A
dvlo (x-2)")  (10-2)" 64

-1

Hence, the slope of the tangent at x = 10 is 64

Find the slope of the tangent to curve y = x> — x + 1 at the point whose x-coordinate is
2.

Answer
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— 3 .
The given curve is? =+ ~* +1
dy )
S =3xr =1
dlx

)
x ()

Hence, the slope of the tangent at the point where the x-coordinate is 2 is given by,

dy 3 2
DI 3221 =3(2F -1=12-1=11
d.r—‘” —|"3 (2)

The slope of the tangent to a curve at (xq, ¥o) is
It is given that x, = 2.

Find the slope of the tangent to the curve y = x> — 3x + 2 at the point whose x-
coordinate is 3.

Answer

3
b=t T
The given curve isy =% 3x+ -.

v

=3yt -3
dx

e
i [EY .

e
The slope of the tangent to a curve at (xq, ¥o) is
Hence, the slope of the tangent at the point where the x-coordinate is 3 is given by,
dy

il 1=3,-r-—31 =3(3)"-3=27-3=24

T
="
Find the slope of the normal to the curve x = acos’9, y = asin®60 at 4.

Answer

It is given that x = acos®0 and y = asin’6.
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d 3 . I
—; =3acos’ @(-sin@) = —3acos’ @sin &

D _3gsin’ A (cosd)
d?

I f{)’

dy La’ﬁ' 3asin® #cosd sin @
—= = —— =— =—tan#

dx [ct’x] —Jacos” #sind cosfd

de
="

Therefore, the slope of the tangent at 4is given by,
d—L} =—tanf], = —tan = =]
dx |, "a 4

.,
# =~ 1s given by,
Hence, the slope of the normal at
1 -1

slope of the tangent at & = z

o

==

Find the slope of the normal to the curve x = 1 — asin 0, y = b cos?6 at 2
Answer

It is given that x = 1 — a sin 8 and y = b cos?6.

) ' . )
e gcos® and P _ 2bcosO(—sin@)=-2bsinOcosO
i df
i L{‘I‘ !
dv | .:J’E}J —2hsinBeosB 2k
== -= =—sin#
el [Lh'_ | —acosl i
B )
g="
Therefore, the slope of the tangent at 2is given by,
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m-} 2b . } 2b . m 2b
— =—sinb =—sin—=—
dr |, @ at o d 2 a

.,
# =— 1s given by,
Hence, the slope of the normal at

| | bl

. T
slope of the tangent at & =

Find points at which the tangent to the curve y = x> — 3x*> — 9x + 7 is parallel to the x-
axis.
Answer

P R TP | b
The equation of the given curve is¥ =X 3x7=9x+7.

i =3y —6x-9
dx

Now, the tangent is parallel to the x-axis if the slope of the tangent is zero.
23T —6x-9=0=x"-2x-3=0

=(x-3)(x+1)=0

—x=3orx=-1
Whenx=3,y=3)>-33)Y?-93)+7=27-27-27+7=-20.
Whenx = -1,y = (-1} -3(-1)>-9(-1)+7=-1-3+9+7=12.
Hence, the points at which the tangent is parallel to the x-axis are (3, —20) and

(-1, 12).

Find a point on the curve y = (x — 2)? at which the tangent is parallel to the chord
joining the points (2, 0) and (4, 4).

Answer

If a tangent is parallel to the chord joining the points (2, 0) and (4, 4), then the slope of
the tangent = the slope of the chord.
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4-0
The slope of the chord is 4-2

L)
2

Now, the slope of the tangent to the given curve at a point (x, y) is given by,
dy
- =
Since the slope of the tangent = slope of the chord, we have:
2x-2)=2

= x—2=l=x=3

Whenx=3, y=(3-2)" =1.

2(x-2)

Hence, the required pointis (3, 1).

Find the point on the curve y = x> — 11x + 5 at which the tangentis y = x — 11.
Answer

The equation of the given curveis y = x> — 11x + 5.

The equation of the tangent to the given curve is given as y = x — 11 (which is of the

formy = mx + c).

~Slope of the tangent = 1

Now, the slope of the tangent to the given curve at the point (x, y) is given by,
dv
dx

Then, we have:

-

11

=3x

= x=%2
Whenx=2,y=(2)>-11(12)+5=8-22+5= -9,
Whenx = -2,y = (-2 -11(-2)+5=-8+22+5 = 19,
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Hence, the required points are (2, —9) and (-2, 19).

Find the equation of all lines having slope —1 that are tangents to the curve

Answer

The equation of the given curve is A1

The slope of the tangents to the given curve at any point (x, y) is given by,
dy 1

dv (x-1)

If the slope of the tangent is —1, then we have:

=-1

(x-1)
—(x-1) =1
= x—1==I]
= x=210

Whenx =0,y =-1andwhenx =2,y =1.
Thus, there are two tangents to the given curve having slope —1. These are passing
through the points (0, —1) and (2, 1).

~The equation of the tangent through (0, —1) is given by,

y—(-1)=-1(x-0)
= y+l=—x
= p+x+1=0
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~The equation of the tangent through (2, 1) is given by,

y—-1=-1(x-2)

s>y—-1=-x+2

>y+x-3=0

Hence, the equations of the required linessarey + x+ 1 =0andy + x — 3 = 0.

Find the equation of all lines having slope 2 which are tangents to the

y= ,x=3
curve r—3
Answer
1
y= x#3
The equation of the given curve is r—3

The slope of the tangent to the given curve at any point (x, y) is given by,
dy 1
de  (x-3)

Y

If the slope of the tangent is 2, then we have:
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This is not possible since the L.H.S. is positive while the R.H.S. is negative.

Hence, there is no tangent to the given curve having slope 2.

Find the equations of all lines having slope 0 which are tangent to the curve

I
Y Taxe3
Answer

1
y=—"
The equation of the given curve is X —2x+3
The slope of the tangent to the given curve at any point (x, y) is given by,
dy  —(2x-2)  -2(x-1)
de [,\': —2x+3}: B {:nr3 —2.1:+3:]-:
If the slope of the tangent is 0, then we have:
—2(x-1)

(.\:: —21—3}:

=10

= 2(x-1)=0

= x=1
- 1 i
Whenx =1, 1-2+3 2
i 17
3
~The equation of the tangent through 2] is given by,
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1
p——=0{x=1
y-2=0(x-1)
=y l={‘]

2

1
=y =
2

b | —

Hence, the equation of the required line is

Find points on the curve 9 16 at which the tangents are
(i) parallel to x-axis (ii) parallel to y-axis

Answer

oyt
+ 21
The equation of the given curve is 9 16

On differentiating both sides with respect to x, we have:

2x 2y dv

ST | Y
9 16 v
dv —lbx
= ==
de 9y
—Ii.'r.l':{]

(i) The tangent is parallel to the x-axis if the slope of the tangent isi.e., 0 9y

which is possible if x = 0.

Then, 9 16 forx =0

=y =16= y=14

Hence, the points at which the tangents are parallel to the x-axis are
(0, 4) and (0, — 4).
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(ii) The tangent is parallel to the y-axis if the slope of the normal is 0, which
-1 Qy
—_\: "1 :“
—lﬁ.rJ l6x

9y

gives[ =>y=0.

Then, ¥ 16 fory = 0.

= x=13

Hence, the points at which the tangents are parallel to the y-axis are
(3, 0) and (- 3, 0).

Find the equations of the tangent and normal to the given curves at the indicated points:
()y =x*—6x>+13x> — 10x + 5 at (0, 5)
(iy =x*—6x3+ 13x> — 10x + 5 at (1, 3)
(i) y = x> at (1, 1)
(iv) y = x* at (0, 0)
=X
(v) x=cost, y =sintat 4
Answer
(i) The equation of the curve is y = x* — 6x°> + 13x*> — 10x + 5.

On differentiating with respect to x, we get:

B 4 187 +26x-10
dx

L T

“I-r i, 5)

Thus, the slope of the tangent at (0, 5) is —10. The equation of the tangent is given as:
y—5=-10(x — 0)
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=>y—-5=-10x

>10x+y=>5

-1 1

The slope of the normal at (0, 5) is Slope of the tangent at (0, 5) 10

Therefore, the equation of the normal at (0, 5) is given as:

|
5=—(x—0

T,
— 10y —50=x

= x—10y+30=0

(ii) The equation of the curve is y = x* — 6x> + 13x> — 10x + 5.

On differentiating with respect to x, we get:

ﬁ =4x —18x" +26x-10
dx

@l 4 18426-10=2
dv |, 5

Thus, the slope of the tangent at (1, 3) is 2. The equation of the tangent is given as:
y=3=2(x-1)

= y—3=2x-12

= y=2x+1

-1 -1

The slope of the normal at (1, 3) is Slope of the tangent at (1, 3) 2

Therefore, the equation of the normal at (1, 3) is given as:
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l
y—=3= —E{.'r— 1)
= 2y—6=—x+]
= x+2y-7=10
(i) The equation of the curve is y = x°.

On differentiating with respect to x, we get:

d' 3
& =3x
dx
v 2
DI =301y =3
dx (1, 1)
Thus, the slope of the tangent at (1, 1) is 3 and the equation of the tangent is given as:
y-1=3(x-1)
= y=3x-2

-1 -1

Slope of the tangent at (1, 1) - 37

The slope of the normal at (1, 1) is
Therefore, the equation of the normal at (1, 1) is given as:

-1
p—l=—/(x-1
y=l=5(x-1)
= 3y-d=—x+I
= x+3y-4=0
(iv) The equation of the curve is y = x°.
On differentiating with respect to x, we get:
dy _
dx
h
f_1 } »
dx (0, )

Thus, the slope of the tangent at (0, 0) is 0 and the equation of the tangent is given as:

y—0=0(x—-0)

2x

>y=0
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-1 1

The slope of the normal at (0, 0) is Slope of the tangent at (0,0) 0 \nich is not
defined.

Therefore, the equation of the normal at (xo, yo) = (0, 0) is given by

x=x,=0.

(v) The equation of the curve is x = cos t, y = sin t.

x=cost and y =sint

by . dy
J.— = —8int, — =cosf
dlt dt

m
t=—
OThe slope of the tangent at 4is —1.

-

i),

I 1
I =E Le,at T,
Thus, the equation of the tangent to the given curve at 2
s L_ I['l: 1)
NER )

= x+y-2=0

! =1

=

kil Slope of the tangent at r = ?E
The slope of the normal at 4is 4
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-

fﬂicatf] J
P (WA N

Therefore, the equation of the normal to the given curve at
|
_1" - = 1| X —,—].
J2 LooW2

=

Find the equation of the tangent line to the curve y = x*> — 2x + 7 which is
(a) parallel to the line2x —y +9=0
(b) perpendicular to the line 5y — 15x = 13.

Answer

1=yt
The equation of the given curve ish =+ 2x+7 .

On differentiating with respect to x, we get:
dy
E:
(a) The equation of the lineis 2x — y + 9 = 0.
2X—-y+9=00y=2x+9

2x-2

This is of the form y = mx + c.

[OSlope of the line = 2

If a tangent is parallel to the line 2x — y + 9 = 0, then the slope of the tangent is equal
to the slope of the line.

Therefore, we have:

2=2x-2
= 2x=4
=x=2
Now, x = 2

=y=4-4+7=7
Thus, the equation of the tangent passing through (2, 7) is given by,
y=71=2(x-2)

= y—2x-3=0
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Hence, the equation of the tangent line to the given curve (which is parallel to line 2x —

y+9=0)isV2¥=3=0,

(b) The equation of the line is 5y — 15x = 13.
. 13
"I_.l :_'3_‘[’ o —
5y — 15x = 13 O 3
This is of the form y = mx + c.
OSlope of the line = 3

If a tangent is perpendicular to the line 5y — 15x = 13, then the slope of the tangent is
-1 -1

slope of the line 3

25 10 25-060+252 217
= p=—-——+7= =
36 6

36 36
(5 217)
Thus, the equation of the tangent passing through* 6 36 is given by,
217 1 5
1.'—_— —_— _r__
36 BL 3]
v-217 -
L 36p=207 Sl )
36 18
= 3oy-217= —2[6.:—5]
= 36y-217=-12x+10

= 36y+12x-227=0
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Hence, the equation of the tangent line to the given curve (which is perpendicular to line

5y _ 15X — 13) IS.}'&__T'F'.Z'._QQ? —':.}.

Show that the tangents to the curve y = 7x> + 11 at the points where x = 2 and x = -2
are parallel.
Answer
The equation of the given curve is y = 7x° + 11.
dy

= =21y
dx

i
AT

s
The slope of the tangent to a curve at (xo, ¥o) is

Therefore, the slope of the tangent at the point where x = 2 is given by,

dv 2

L =21(2) =84

de |, '

It is observed that the slopes of the tangents at the points where x = 2 and x = =2 are
equal.

Hence, the two tangents are parallel.

Find the points on the curve y = x> at which the slope of the tangent is equal to the y-
coordinate of the point.
Answer
The equation of the given curve is y = x°.

dy s
DA

ey
The slope of the tangent at the point (x, y) is given by,
Ay X
i} =3x

|

dx

When the slope of the tangent is equal to the y-coordinate of the point, then y = 3x°.

Also, we have y = x°.
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O3x? = x°
Ox*(x-3)=0
Ox=0,x=3

When x = 0, then y = 0 and when x = 3, then y = 3(3)% = 27.

Hence, the required points are (0, 0) and (3, 27).

For the curve y = 4x> — 2x°, find all the points at which the tangents

passes through the origin.
Answer

The equation of the given curve is y = 4x°> — 2x°.

: Lﬁ": 12x" —10x*

'i'iﬁe,’rrefore, the slope of the tangent at a point (x, y) is 12x* — 10x*.

The equation of the tangent at (x, y) is given by,

4

- . » 4
\;\/ﬁeh_tlgyfgnﬁclaﬂtr pla(s)s{eg'\t‘llrough the origin"&” 0), then X =Y = 0.

Therefore, equation (1) reduces to:

—y= (]2.\': ~10x" ]{—.\.‘}
y=12x" —10x°
Also, we have

y=4x' -2y,

2% —10x =4t — 2y
= 8y —8x" =0

= —x' =0

= .r"[.'r:' —]}='D

= x=10, =1

wherx = 0,y - 4(0) ~2(0)' =0

Whenx =1,y =4 (1> -2 (1)° = 2.
When x = =1, y = 4 (-1)° - 2 (-1)°> = -2.
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Hence, the required points are (0, 0), (1, 2), and (-1, —2).

Find the points on the curve x> + y* — 2x — 3 = 0 at which the tangents are parallel to
the x-axis.

Answer

The equation of the given curve is x> + y?> — 2x — 3 = 0.

On differentiating with respect to x, we have:

v
2x+2y 2 _2=0
v
"
= y—=Il-x

dx
dv 1-x
de v

Now, the tangents are parallel to the x-axis if the slope of the tangent is 0.
'l__.
0= l—x=0=x=1
It
But, x> + y* — 2x — 3 = 0 for x = 1.

—:"y2=4|:|.1’l_-|-2

Hence, the points at which the tangents are parallel to the x-axis are (1, 2) and (1, —2).

Find the equation of the normal at the point (am?, am?) for the curve ay? = x°.
Answer
The equation of the given curve is ay? = x°.

On differentiating with respect to x, we have:

dy

2ay——=3x"
dx

dv 3

dv 2ay
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dxy |,
The slope of a tangent to the curve at (xq, ¥o) is Wtk

= The slope of the tangent to the given curve at (am?, am?) is

dy - 3(um3}: 3a'mt 3m

dx (e, ane' N Ea(am‘} 2wt 2

O Slope of normal at (am?, am?®)
1 2

slope of the tangent at (cmf. mn"] im

Hence, the equation of the normal at (am?, am?®) is given by,
2 23

—(_1' tﬂ”'}

y — am?® = Im

= 3my —3am’ = -2x+ 2am’

= 2x+ 3my fm:r:{E t Bm:}= 0

Find the equation of the normals to the curve y = x> + 2x + 6 which are parallel to the
line x + 14y + 4 = 0.
Answer
The equation of the given curve is y = x> + 2x + 6.
The slope of the tangent to the given curve at any point (x, y) is given by,
day
dv
O Slope of the normal to the given curve at any point (x, y)
B 1
- Slope of the tangent at the point (x, )
-1
3742

The equation of the given line is x + 14y + 4 = 0.

=3x" +2
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1 +
X+ 14y +4 =00 - ﬁl I_‘1‘(which is of the form y = mx + ¢)
-1
OSlope of the given line = 14
If the normal is parallel to the line, then we must have the slope of the normal being

equal to the slope of the line.
-1 -1

3P 42 14
=3 +2=14
= 3x =12
=y’ =4
==y =12

Whenx=2,y=8+ 4+ 6 = 18.
Whenx =-2,y=-8-4+6 = —-6.
-1
Therefore, there are two normals to the given curve with slope 14 and passing through
the points (2, 18) and (-2, —6).
Thus, the equation of the normal through (2, 18) is given by,

-1
—18="(x-2
) 7 x-2)

= 1dy-232=-x+12
= x+14y-254=10
And, the equation of the normal through (-2, —6) is given by,
; -1
p—(-6)=—|x-(-2
y=(-6)=,[¥-(-2)]
=1
= yp+b=—x+2
y+6="(x+2)
= 14y +84=—x-12
= x+1dy+86=10
Hence, the equations of the normals to the given curve (which are parallel to the given

line) are ¥+14y =254 =0 and x+14y+86 = 0.
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Find the equations of the tangent and normal to the parabola y? = 4ax at the point (at?,
2at).

Answer

The equation of the given parabola is y? = 4ax.

On differentiating y* = 4ax with respect to x, we have:

IS

21-'£—4n
dx
dy )
& _2a_1
dx Jie 0y 2at ¢

. 2at
OThe slope of the tangent at(“ “ }I

. (uf", Zur}l_ .
Then, the equation of the tangent at is given by,
| .
—(r u.f"}
y —2at =1
= ty—2at’ = x—at’

=iy = x+at®

(ufj. Zur}l

Now, the slope of the normal at
-1
Slope of the tangent at {u::,-m}

is given by,

= —f

Thus, the equation of the normal at (at?, 2at) is given as:
y-2at=-t(x-af’)
= y—2at=—tx+at’

= y=—x+2al+al’

Prove that the curves x = y? and xy = k cut at right angles if 8k*> = 1. [Hint: Two curves
intersect at right angle if the tangents to the curves at the point of intersection are
perpendicular to each other.]
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Answer
The equations of the given curves are given as” = andxy =k,
Putting x = y? in xy = k, we get:
. 1
V =k=>y=k*
Cr= k 3
{ z I
k .k-‘]
Thus, the point of intersection of the given curves is 4
Differentiating x = y? with respect to x, we have:
dy dv 1
1= ZIL"—L = @___
de  de 2y
(2o @ _
ROk g S
Therefore, the slope of the tangent to the curve x = y? at" ‘s '

On differentiating xy = k with respect to x, we have:

dy dv -~y
r—t+y=0= =

o dy x

{2
k*, k-‘]
O Slope of the tangent to the curve xy = kat* “is given by,
[

“’_*} _—_J:} S|
dx |,h_:”?:, X |'|,.:=_*:' '

We know that two curves intersect at right angles if the tangents to the curves at the
{2 !
k*, k3
point of intersection i.e., at* 4 are perpendicular to each other.
This implies that we should have the product of the tangents as — 1.

Thus, the given two curves cut at right angles if the product of the slopes of their

respective tangents at Yis —1.

Page 56 of 138



Class XII Chapter 6 — Application of Derivatives Maths

i AT

e, 1, _,1 =-1
V260 k)
= 2% =1
I :\|3 .
=2k | =(1)
i f,'
= 8k =1

Hence, the given two curves cut at right angels if 8k* = 1.

¥ 1

oy
Find the equations of the tangent and normal to the hyperbola @ b at the

Doint['v"‘ Yo )

Answer

Differentiating a b with respect to x, we have:
2x 2y dy
x lyay 0

a’ - b’ E_
Jydy  2x

= — =
bode  ar
dv  b'x
— & _

dv da'y
dy bx,

['Yﬁu* .rn‘jis dx |5y Va ) a ¥y

Therefore, the slope of the tangent at

(x5, ¥4

Then, the equation of the tangent at is given by,
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B hz.ru )
Y=¥= L?'?}’U {I 1n}

- 11 g2 2.2
= a Yy, —ayy =b XXy ~b Xy

= b'xx, —a’yw, —b'x; +a’yl =0

xx, W, [x »|_ T e har 42kt

= e —?—[?—?]— 0 [On dividing both sides by a’b ]
2 2

xx, W, . oy
=3 —;—&—I: 0 (.T,]* ¥, ) lies on the hyperbola — -+ =1

a- b a b

X W _y

at b

(Xps W),
Now, the slope of the normal at ""is given by,
-1 _ _a!}'—u
Slope of the tangent at (x,, ¥,)  b°x,
. (s ¥o).
Hence, the equation of the normal at "7is given by,
—a’y,

Y—=¥ h:x” I { yr— _Tl:,}
Ny . Yo _ _{'T., Xa)

a_-]'?lil b-xl?
Lo (on)

ay, box,

—

Find the equation of the tangent to the curve + = V3x=2 hich is parallel to the line 4x
-2y +5=0.
Answer

The equation of the given curve is = V3%~ 2:

The slope of the tangent to the given curve at any point (x, y) is given by,
dv 3

de 2J3x-2
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The equation of the given line is 4x — 2y + 5 = 0.
.-P — 2_‘( 'l

4x -2y +5=00

[OSlope of the line = 2

Now, the tangent to the given curve is parallel to the line 4x — 2y — 5 = 0 if the slope of

2 | Ln

(which is of the form< = mx +c)

the tangent is equal to the slope of the line.

-
b

I — |
243x-2
— 3‘1.‘(—2:E
4
9
= 3x-21=—
6
.9 41
= 3x=—+2=—
16 16
41
= N=—
48
; [ T T a2
Whenx= 4L - 3[41]_2: I'“”-z: 41 32:\(9 _3
48 48 V16 \" 16 16 4
(41 39

OEquation of the tangent passing through the point \48 4 is given by,

s
v—i:2| .r—ﬂ]
4L 48

4 L 48
48x—41

:4J=—3 _,J[4E.T—4|]

= dy-3=
— 24y -18=48x 4]
= 48x—-24y =123

R =
Hence, the equation of the required tangent is 48x—24) 23.

The slope of the normal to the curve y = 2x?> + 3sinxat x = 0 is
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] 1
(A)3(B) 3(C)-3(D) 3
Answer

v=7v" +3sin v
The equation of the given curve iV = =¥ 3sinx .

Slope of the tangent to the given curve at x = 0 is given by,

dy

Hence, the slope of the normal to the given curve at x = 0 is
~1 -1

Slope of the tangent at x =0 3

=4x+3cosx| =0+3cos0=3

The correct answer is D.

The line y = x + 1 is a tangent to the curve y? = 4x at the point
(A) (1,2) (B) (2, 1) (C) (1, =2) (D) (-1, 2)
Answer

The equation of the given curve is¥ = 4y

Differentiating with respect to x, we have:

2y d—‘ =4 = d—L = E
Ty dv ¥
Therefore, the slope of the tangent to the given curve at any point (x, y) is given by,
dv 2
dcy

The given line is y = x + 1 (which is of the form y = mx + ¢)

[0 Slope of the line = 1

The line y = x + 1 is a tangent to the given curve if the slope of the line is equal to the
slope of the tangent. Also, the line must intersect the curve.

Thus, we must have:
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=1

| b2

y=2

U

Now,y=x+l=x=yp-l=x=2-1=1
Hence, the line y = x + 1 is a tangent to the given curve at the point (1, 2).

The correct answer is A.
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