Class XII Chapter 11 - Three Dimensional Geometry Maths

Show that the three lines with direction cosines
12 -3 -4 4 12 3 3 -4 12

137137137 13713713 13713713 are mutually perpendicular.

Answer

Two lines with direction cosines, /1, m;, n; and I,, m,, n,, are perpendicular to each
other, if 1/, + mim, + nyn, = 0

. ) ) ) ) ) 12 -3 -4 4 12 3 )
(i) For the lines with direction cosines, ~—.,~—.-—and —-.-—.-, we obtain
13 13 13 13 13 13
12 4 (3% 12 (-4 3
1",L+.=n,.=m+ulm:—x—+l— w4 _JX_
} - 13 13 LI13) 13 13 13
_ 48 36 12
169 169 169
=10

Therefore, the lines are perpendicular.

.. ) ) ) . ) 4 12 3 3 412 .
(ii) For the lines with direction cosines, —,—,— and —.,—,— , we obtain
13 13 13 13 13 13
4 3 12 (-4 3 12
L +mm, +nn, =—x—+—x| — [+—x—
13 13 13 L13) 13 1
12 N 48 N 36
169 169 169
=1}
Therefore, the lines are perpendicular.
. . . ) ) 3 412 12 -3 -4 .
(iii) For the lines with direction cosines, —,—,— and —,—,—, we obtain
13 13 13 13 13 13
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i

3N (12 (=4 (=3Y (12 [ -4)
L+ mm, +nn, :[ *® |~<| +| X
' ' VI3 L3 13 ) 13 ) 13 ) L3
_ 36 N 12 48
169 169 169

=1
Therefore, the lines are perpendicular.

Thus, all the lines are mutually perpendicular.

Show that the line through the points (1, —1, 2) (3, 4, —2) is perpendicular to the line
through the points (0, 3, 2) and (3, 5, 6).

Answer

Let AB be the line joining the points, (1, —1, 2) and (3, 4, — 2), and CD be the line
joining the points, (0, 3, 2) and (3, 5, 6).

The direction ratios, a;, by, ¢y, of ABare (3 -1), (4 — (-1)),and (-2 - 2)i.e., 2, 5, and
-4,

The direction ratios, a,, b,, ¢, of CD are (3 — 0), (5 — 3), and (6 =2) i.e., 3, 2, and 4.
AB and CD will be perpendicular to each other, if a;a, + bib,+ ¢cic; = 0

aia, + bibo+cicob =2x3+5%x2+(—4)x4

=6+ 10 - 16

=0

Therefore, AB and CD are perpendicular to each other.

Show that the line through the points (4, 7, 8) (2, 3, 4) is parallel to the line through the
points (-1, =2, 1), (1, 2, 5).

Answer

Let AB be the line through the points, (4, 7, 8) and (2, 3, 4), and CD be the line through
the points, (-1, =2, 1) and (1, 2, 5).

The directions ratios, a;, by, ¢;, of ABare (2 - 4),(3-7),and (4 — 8) i.e., =2, —4, and
-4,

The direction ratios, a,, by, ¢;, of CD are (1 — (-1)), (2 — (=2)),and (5 — 1) i.e., 2, 4,
and 4.
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. a g
AB will be parallel to CD, if —=-—=—
a, b, ¢
a_-2_
a, 2
b, _ .
b, 4
a_—4_
o, 4
a, b ¢

Thus, AB is parallel to CD.

Find the equation of the line which passes through the point (1, 2, 3) and is parallel to

the vector 3/ + 2 — 2k,

Answer

It is given that the line passes through the point A (1, 2, 3). Therefore, the position
vector through A is & =i +2 + 3k

b=3i+2]-2k

It is known that the line which passes through point A and parallel to b is given by

F=d+Ab, where A is a constant.
:F=f+2}+3§+i{'3f+2j—2§]

This is the required equation of the line.

Find the equation of the line in vector and in Cartesian form that passes through the

point with position vector 2:"—_}'+4»’; and is in the direction f+2_}'—:&T .
Answer

It is given that the line passes through the point with position vector
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G=2i—]+4k (1)

27—k -(2)

Il
—

h
It is known that a line through a point with position vector & and parallel to b is given by
the equation, 7 =d+ Ab

:~F:1f—j+4£7+£[:f+2_}‘—§]

This is the required equation of the line in vector form.

F=xi—y+ =k

= xi—yj+zk = (A+2)i +(2A-1)j+ (-2 +4)k

Eliminating A, we obtain the Cartesian form equation as
This is the required equation of the given line in Cartesian form.

Find the Cartesian equation of the line which passes through the point

(=2, 4, =5) and parallel to the line given by 13 3 = _1‘{) 4 = :;H
Answer . )
It is given that the line passes through the point (-2, 4, —5) and is parallel to
x+3 y-4 z+8

3 3 ]
The direction ratios of the line, > 3 3 _ _rﬁ 4 _ :;H , are 3, 5, and 6.

x+3 yv—=4 z+8

The required line is parallel to 3 = 5 I 6

Therefore, its direction ratios are‘ 3k, 5k, and 6k, where k # 0
It is known that the equation of the line through the point (xi, yi, z:) and with direction
L _V=¥y_I 5

. . . X =
ratios, a, b, c, is given by == -l
o b IS
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Therefore the equation of the required line is

x+2 v-4 z+5

3k Sk 6k

x+2 v—4 =45
p— S = - = = f[
3 ] 6
. . .. x=5 y+4 z-6 o
The Cartesian equation of a line is 3 =: - R Write its vector form.
Answer -

The Cartesian equation of the line is

x=3 y+4 z-0

L1
3 7 2 { }

The given line passes through the point (5, —4, 6). The position vector of this point is

G=5i—4]+6k

Also, the direction ratios of the given line are 3, 7, and 2.

This means that the line is in the direction of vector, b =3i+7;]+ 2k

It is known that the line through position vector @ and in the direction of the vector b is

given by the equation, 7 =d+A4h,Ae R
—F = I:'Sf—4_}'+6a€)+;i{3f +7j+2k)

This is the required equation of the given line in vector form.

Find the vector and the Cartesian equations of the lines that pass through the origin and
(5, -2, 3).
Answer

The required line passes through the origin. Therefore, its position vector is given by,

i=0 i)

The direction ratios of the line through origin and (5, —2, 3) are
(5-0)=5,(-2-0)=-2,(3-0)=3
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The line is parallel to the vector given by the equation, b= 5f—2|f+3£7

The equation of the line in vector form through a point with position vector & and parallel

to bis, F=d+Ab, AeR
= F =ﬂ+ﬁ.(5£-2_}+3;§)
= :A(Sf—z_haﬁf)
The equation of the line through the point (x1, y1, z:) and direction ratios a, b, c is given
bY, * -Y1 ='11 'lll = z ::
a b o
Therefore, the equation of the required line in the Cartesian form is
x=0 y-0 z-0

5 -2 3

X
= —
5

Lot | 1

F
2

Find the vector and the Cartesian equations of the line that passes through the points (3,
-2, -5), (3, -2, 6).

Answer

Let the line passing through the points, P (3, -2, —=5) and Q (3, -2, 6), be PQ.

Since PQ passes through P (3, —2, —5), its position vector is given by,

d=3i—2j—5k

The direction ratios of PQ are given by,

(3-3)=0,(-2+2)=0,(6+5)=11

The equation of the vector in the direction of PQ is

b=07-0]+11k=11k
The equation of PQ in vector form is given by, F =d+Ab, A R
= F = (37 - 2] - 5k)+ 117k

The equation of PQ in Cartesian form is
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X=X, y-¥ z-z . x=3 y+2 z45
= = - e, = =
a b C ] 0 11

Find the angle between the following pairs of lines:

(i) F=:f—5_}'+£E+A[3f—2}+ﬁ£)and
r= ?f—f:#f+,u[f+2}‘+2£]
(it) ;=3 + j—2k+A(i - j-2k) and

F =21~ j-56k+u(3i -5]-4k)

Answer

(i) Let Q be the angle between the given lines.

b - b,
The angle between the given pairs of lines is given by, cos{J = | ||

1 2
a[f|
The given lines are parallel to the vectors, E, =3f+2_}'+6§ and E: =i+ 2_f+2ﬁ; ,
respectively.

.-_|E,|= F 420 +6° =7

b,|= JOY +(2) +(2) =3

b b, :[3?+2_}+6£]~(£+2_;+2£)

=3x]4+2x2+6x2
=3+4+12
=19
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19

= ::usQ:ﬁ
X

o[ 19
= (J=cos [21]

(ii) The given lines are parallel to the vectors, E, =f—_;—2,{? and E: = 3?—5_}'—%“ ,
respectively.

=[B[=() + (1) +(-2) =6

= \/{3}3 +(=5) +(—4) =\50=52

b, =i—j—2k)(37 -5/ -4k)
=1.3-1(-5)-2(-4)

=3+5+8
=16

= cos{d=

b,

=)
=

.

cos{) =

1

|
16 16 16

J6-52 23502 1043
8
53

8
— (0 =cos' —]
(53

= cos{J=

Question 11:

Find the angle between the following pairs of lines:

(i) x—?z}'—l =:+3and x+2 =_1-'—4=:—5
2 5 -3 -1 8 4
z - =2 z-=3
m)—:%:—mM' :’] - 83
Answer
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Letlf_:r'I and E: be the vectors parallel to the pair of lines,

-2 r— =43 2 - =5 .
o) |=‘+Jand 'H’—:J 4:— -, respectively.

2 5 -3 =1 8 4

E;, = 2::+S_}—3.i;and .E: - —f+3_}+4,§

by =(2045]-3k)(~ +8] +4k)
=2(-1)+5x8+(-3)-4
~24+40-12

=2f

The angle, Q, between the given pair of lines is given by the relation,
b5,
61

26

= cos=——
9438

cos(J=

= (J=cos

(55)
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[ =2y +2) +(1) =5 =3

& +1°+8 =

Bi-by = (20 +2]+k)-(4i + j+8k)
=2x4+2x1+1x8

=8+2+8
=18
If Q is the angle between the given pair of lines, then cos( =|——
6.
185 2 :
= ceos=——==
Ix9 3
. : 2]
= (}=cos | —
0-cos”3
Find the values of p so the line I—x = T':_H = z;"! and
)
T-Tx y-5 6-:z i !
== =—— are at right angles.
ip 1 3
Answer
The given equations can be written in the standard form as
x=1 yp=-2 =z-3 x=1 y=5 =z=0
= = and == =
-3 Ip 2 =3p -5
7 7
o _ _ 2p =3p .
The direction ratios of the lines are —3,——, 2 and —_ 1, —5respectively.

Two lines with direction ratios, a;, by, ¢; and a,, b,, ¢, are perpendicular to each other, if
aia, + b1 b2 +cc, =0
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] Y ] Y
. ). l‘” ;‘” . T =5]=
2535 |+| ; | (1)+2-(-5)=0
i al
P20 g
77
= 11p="T0
= p=—

70
Thus, the value of p is ﬁ

) x=5 y+2 =z X v =z ]
Show that the lines ?: : . = T and T: ';: E are perpendicular to each other.
Answer ) -
x—5 r+2 ; oz
The equations of the given lines are v 2 =t s _Z and t %: E

The direction ratios of the given lines are 7, =5, 1 and 1, 2, 3 respectively.
Two lines with direction ratios, a;, b1, ¢; and a,, b,, ¢, are perpendicular to each other, if

aia,+bib,+cic; =0

27X1+(-5)x2+1x3

=7-10+ 3
=0
Therefore, the given lines are perpendicular to each other.

Find the shortest distance between the lines
,'-:{f F27 4 ﬁE) | ﬂ.(f j E}and

:::Ef—_;—.i;+lu(2:?+_}+3.é)
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Answer

The equations of the given lines are
r =(f+2j+§]+ A(f—j‘+kﬂ)

;:2:?—j—£v;:(25+_}+2k‘)

It is known that the shortest distance between the lines, 7 = g, + ,{f_;, and ¥ =a, + ,m’;_. , is

given by,

(B xb.)-(a:-a:)

I

(1)

Comparing the given equations, we obtain

7 :r+2_}'+.{
bo=i-j+k

ar=2—j—k
b,=2i+ [+2k

|
[ e o]

byxh, =(-2-1)i =(2-2) j+(1+2)k =37 + 3k

= !;]x.g:| = {—3]: +[3]: =9+9=4/18=32

Substituting all the values in equation (1), we obtain
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(—3?+3;E_]-[f—3j—2£}

d =
W2

-3.1+3(-2)

= d =
32

9
== =

‘:%E

3

32
Therefore, the shortest distance between the two lines is T units.

Question 15:
x+1 v+l z+1 -
Find the shortest distance between the lines 1? =2 5 = ] and x-3
Answer
The given lines are x+1 -2 ! _ = ! and x-3 = y-3 = z=17
7 -6 ] | -2 |

It is known that the shortest distance between the two lines,

e  JE T = X=X, P—-1, IZ=Z, . .
YT h L and I - 2, is given by,
i hl & [ f'-'] Cy
X=X Y.=M¥ S
I.lrl b| ('|
a, b, C,

d = — — = - (1)
J{ be,—b ) +(ca, —c.a ) +(ab, —ab)

Comparing the given equations, we obtain
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x=-1 = z, =—1
a =7, b=-6,c =1
X, =3, ¥,=3 z,=7
a, =1, b=-2¢,=
¥, — X, Vo=, -z |4 6 8
Then,| b, ¢ |=|7 -6 1
a, b, C, I =2 |
=4(-6+2)-6(7-1)+8(-14+06)
=-16-36-64
=-116

-

= \/I{h,.:-: —bye,) + (e -y, ) +(ahy —ah) = ,\,I'I{—6+ 2) +(147) +(-14+6)
= J16+36+64
SN

=24/29
Substituting all the values in equation (1), we obtain
- - _ —
= l,E _8_ ‘fg =229
2420 20 /29

Since distance is always non-negative, the distance between the given lines is

d

2429 units.

Question 16:

Find the shortest distance between the lines whose vector equations are
F=(i+2]+3k)+ AP 3] +2k)
and?:4£+5}+6£+;QEE+3j+£]

Answer

The given lines are r'-=f+2_}'+3£+2(f—3_}'+2ﬁ;]and r 4f?+5j+6f;+;{[2f—3.}'+§]

It is known that the shortest distance between the lines, ¥ = a, + ifi and 7 =a, v;.-!;_. ,is

given by,
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(5 x5.)-(a2-as )|

= bixb] | -

Comparing the given equations with r =g, +z”.;1 and ¥ =a, v,uf;._. , we obtain

G =i+2j+3k
bo=i-3j+2k
a =4f+5}+6£
.5: = 25+3_}'+ﬁ2

E;J —LIH :[4;4—5}+6£J—(;+2;+3£J:3;+3}+3£
}f }

|"J-|X|f3|-2= 1 -3
2 3

= Bk, = (-9 +(3) +(9) =\BI+9+81 =171 =319

(b xh,){a: —E“:}={:—9F+3_}+9£:}-(3E+3_}+3;§)

—(-3-6)i —(1-4) j+(3+6)k =—9i +3/+ 9%

i v

=0x3+3x34+9x3
=0

Substituting all the values in equation (1), we obtain

9 3

YT

-
. ]

Therefore, the shortest distance between the two given lines is \"ﬁ units.

Find the shortest distance between the lines whose vector equations are

F=(1=t)i +(t=2) j+(3-2f)kand
F=(s+1)i+(2s—1) (25 +1)k
Answer

The given lines are
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F=(1=1)i +(1=2) j+(3-21)k
:;::(:f—l_h}-ﬁ; _]+.r(:—f+_f—2ﬁ; ] (1)
F=(s+1)i+(2s-1)j—(2s+1)k

:>::=[:f—_}'+£)+.s-(f+2_}—2.i;) |

(]
e

It is known that the shortest distance between the lines, 7 = g, +zii_;1 and r =a, v,c.-!;_. , is
given by,

(b xb.)-(a - )|

A -(3)
bixb| | [

d=

For the given equations,

a=i-2j+3k
bi=—i+]—2k
ar=i—]—k

hr=i+2j-2k

f}: —{Al'l =(rf—}—£?)—{:.’f—2_}'+3£)=}—4J"$:

= (-2+4)i —(2+2)j+(-2-1)k =2/ -4/ -3k

= b x| =(2) +(~4) +(=3) =Va+16+9 =29
(Bxb,)-(ar—an )= (27 - 4] -3k)- (- 4k) =—4+12=38
Substituting all the values in equation (3), we obtain

d =

8| 8
JE‘_JE

units.

Therefore, the shortest distance between the lines is

8
V29
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