Class XII Chapter 11 - Three Dimensional Geometry Maths

In each of the following cases, determine the direction cosines of the normal to the plane

and the distance from the origin.
(@)z=2(b) x+yv+z=1

(€)2x4+3y—z=5(d)5y+8=0
Answer
(@) The equation of the planeisz=2o0or0x + 0y +z =2 ... (1)

The direction ratios of normal are 0, 0, and 1.

ANO 01 =1

Dividing both sides of equation (1) by 1, we obtain

Dx+0p+lz=2

This is of the form Ix + my + nz = d, where I, m, n are the direction cosines of normal to
the plane and d is the distance of the perpendicular drawn from the origin.

Therefore, the direction cosines are 0, 0, and 1 and the distance of the plane from the
origin is 2 units.

(b)x+y+z=1..(1)

The direction ratios of normal are 1, 1, and 1.

) () =4

Dividing both sides of equation (1) by +/3, we obtain

-(2)
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This equation is of the form Ix + my + nz = d, where I, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.

1 ] 1
Therefore, the direction cosines of the normal are ——,—, and — and the distance of

| v . 3 V'IE

normal from the origin is ? units.
A

(c)2x+ 3y —z=5..(1)

The direction ratios of normal are 2, 3, and —1.

\/{2}: +(3) +(-1) =14

Dividing both sides of equation (1) by wfﬁ, we obtain

1 3

2 3
—_—Xt——y———zz=—
Jiat o it et g
This equation is of the form Ix + my + nz = d, where I/, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.

2 3 -1
Therefore, the direction cosines of the normal to the plane are s , and and
V147 14 J14

5
the distance of normal from the origin is —— units.
(d) Sy +8=0 A

>0x—-5y+0z=8..(1)

The direction ratios of normal are 0, —5, and 0.
2 \J0+(=5) +0=5

Dividing both sides of equation (1) by 5, we obtain
8

==
"5
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This equation is of the form Ix + my + nz = d, where I, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

Therefore, the direction cosines of the normal to the plane are 0, —1, and 0 and the

8
distance of normal from the origin is ;units.

Find the vector equation of a plane which is at a distance of 7 units from the origin and

normal to the vector 3:"+5_}' —6k.

Answer

j—6k
3i+5] -6k

The normal vector is, # = 3i +

N

P 3i+

:‘-l"-:,

; —_—
|JE "I. } ( J70

It is known that the equation of the plane with position vector F is given by, 751 =«

L.J'l

(3i+5]-6k"
Fif —m—m—m | =

L W70

=
!

This is the vector equation of the required plane.

Find the Cartesian equation of the following planes:
(a) 7-(F+ j—k) =2 (b) F-(20 +3] -4k )=

(© [ (s=20) +(3-1) j+ (254 1)k ] =15
Answer

(a) It is given that equation of the plane is
Feli+j-k)=2 (1)

For any arbitrary point P (x, y, z) on the plane, position vector ¥ is given by,

F=xi+yj—zk
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Substituting the value of ¥ in equation (1), we obtain
(.\::?+ 1;—zk}{f +_}'—j§): 2
= x+y-z=2

This is the Cartesian equation of the plane.

(b) 7-(2i +3]-4k)=1 (1)

For any arbitrary point P (x, y, z) on the plane, position vector ¥ is given by,
F=xi+y—zk

Substituting the value of ¥ in equation (1), we obtain

[xf -+ :,é)-{_'zf H3] - 4k)=1

= 2x+3y—4dz=1

This is the Cartesian equation of the plane.

(© 7| (s=20)i +(3-1) j+(25+1)k | =15 (1)

For an;; arbitrary point P (x, y, z) on the plane, position vector ¥ is given by,
F=xi+yi—zk

Substituting the value of ¥ in equation (1), we obtain
[1!+1;—:k)|:{‘1 —EF};+{3—-'J.;+|[1w+:}ﬁ;i| =15

= (s—2)x+(3-1)y+(2s+1)z=15

This is the Cartesian equation of the given plane.

In the following cases, find the coordinates of the foot of the perpendicular drawn from

the origin.
(@) 2x+3y+4z-12=0 (b) 3y+4z-6=0

(€) x+y+z=1 (d) 5y+8=0
Answer

(a) Let the coordinates of the foot of perpendicular P from the origin to the plane be

(X1, Y1, 21)-
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2x+3y+4z-12=0

>2x+3y+4z=12 .. (1)

The direction ratios of normal are 2, 3, and 4.

S J2) +(3) +(4) =29

Dividing both sides of equation (1) by /29, we obtain
2 X+ ? V4 4 = 12
J29© 297 29 29

This equation is of the form Ix + my + nz = d, where I/, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by

(/d, md, nd).
Therefore, the coordinates of the foot of the perpendicular are

(2 12 3 12 4 12 “'[E |"24 36 48)
L2929 29 29729 V29 ) TN 29749729 )
(b) Let the coordinates of the foot of perpendicular P from the origin to the plane be (x;,

Y1, Z1)-
Jy+4z-6=10

= Ox+3v+dz=06..(1)

The direction ratios of the normal are 0, 3, and 4.
e

SA0+3 +47 =5

Dividing both sides of equation (1) by 5, we obtain

i)

ﬂ'.‘L‘IEI'IiZ=—
5 5 5
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This equation is of the form Ix + my + nz = d, where I, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by

(/d, md, nd).
Therefore, the coordinates of the foot of the perpendicular are

[ 36 46). (18 24
. . e, | 0, —, — |
5 . 25 25
(c) Let the coordinates of the foot of perpendicular P from the origin to the plane be (x;,

Y1, Z1).

yty+rz=l_ )

The direction ratios of the normal are 1, 1, and 1.

AP A =43
Dividing both sides of equation (1) by /3, we obtain
1 1 ] 1
E.'H E_1*+E: =E
This equation is of the form Ix + my + nz = d, where I/, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.
The coordinates of the foot of the perpendicular are given by
(/d, md, nd).
Therefore, the coordinates of the foot of the perpendicular are

11 1 1 1 1. 1 11

! x-"?-xl'g‘ \E-'\"EL \"IE‘\E J| e \3‘ 3‘ 3J-

(d) Let the coordinates of the foot of perpendicular P from the origin to the plane be (x;,
Y1, Z1).

Sv+8=10

) ra \

> 0x -5+ 0z=8..(1)

The direction ratios of the normal are 0, —5, and 0.
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2 J0+(=5) +0=5

Dividing both sides of equation (1) by 5, we obtain
8

V==
.
This equation is of the form Ix + my + nz = d, where I, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.
The coordinates of the foot of the perpendicular are given by
(Id, md, nd).

Therefore, the coordinates of the foot of the perpendicular are

Find the vector and Cartesian equation of the planes

(a) that passes through the point (1, 0, —2) and the normal to the plane is f+_}'—kﬂ .
(b) that passes through the point (1, 4, 6) and the normal vector to the plane is

;—2j+£.
Answer
(a) The position vector of point (1, 0, —2) is a —=i-2k

The normal vector N perpendicular to the plane is N=i +_}'—ﬂ:

The vector equation of the plane is given by, [F—&].N 0
= |7 -(F-2k)|.(i+7-#)=0 (1)

r is the position vector of any point P (x, y, z) in the plane.
SF = 1.; + 1,.' + z.fc"

Therefore, equation (1) becomes
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(i + 37+ 2k) = (7 = 26) | 7+ - #) =0
:z»[[x—1)E+,1_-}‘+(:+2}£].(f~_}'—;?]:{J

= (x-1)+y-(z+2)=0

= x+y-z-3=0

= x+yv—z=3

This is the Cartesian equation of the required plane.

(b) The position vector of the point (1, 4, 6) is @ =f+4,;+61;

r

The normal vector N perpendicular to the plane is N=i- 2 +k

The vector equation of the plane is given by, [F—é].;‘#’ ]
:>[,:_(f+4}+f=§]].{f—2_}'+;E]_ﬂ (1)

r is the position vector of any point P (x, y, z) in the plane.
LF=xi+ v+ =k
Therefore, equation (1) becomes

xityjezk)—(i+aie6k)|(i-27+k)=0
[[ yj+zk|=(i+4 ﬂ[ Jj+k)

= [(r=1)i+(y=4)] +(z-0)k (1 -2]+£) =0
= (v1)-2(-4)+(:-6)=0
= x—2y+z+1=0

This is the Cartesian equation of the required plane.

Find the equations of the planes that passes through three points.
(a) (11 1/ _1)1 (61 4/ _5)1 (_41 _21 3)
(b) (11 11 O)I (11 21 1)1 (_21 21 _1)

Answer

(a) The given points are A (1, 1, —-1), B (6, 4, =5), and C (-4, -2, 3).
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1 | -1

6 4 —5/=(12-10)-(18-20)—(-12+16)
-4 -2 3

—2+2-4

=0

Since A, B, C are collinear points, there will be infinite number of planes passing through
the given points.

(b) The given points are A (1, 1, 0), B (1, 2, 1), and C (-2, 2, —-1).

1 1 0

1 I {=(-2-2)-(2+2)=-8=0

-2 -1

| S T S

Therefore, a plane will pass through the points A, B, and C.

It is known that the equation of the plane through the points, [.T,.j-',.:,]l- [.Tp_l':-z:. ] , and

(x5, 05.25), is

X=X y—=)¥ -z

X, =X W= Z,-%|=0

Xy—X WM I;—F
x—1 v—1 =

= 0 I I |=0

= (-2)(x-1)=3(y-1)+3z=0
= -2x—3v+3z+24+3=0

= =2x-3y+3z=-5

= 2x+3y—3z=3

This is the Cartesian equation of the required plane.

Find the intercepts cut off by the plane 2x+ y—z=35

Answer

2x+y-z=5 (1)
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Dividing both sides of equation (1) by 5, we obtain

2 y =z
—x+_-—-_=1
5 5 5

X 1V Z

—t—— = o 2
=5ttt 5=! (2)

2

X y =z

It is known that the equation of a plane in intercept form is —+=-+—=1, where a, b, ¢

a b e
are the intercepts cut off by the plane at x, y, and z axes respectively.

Therefore, for the given equation,

a :E,F}:S, and ¢ =-5
2

Thus, the intercepts cut off by the plane are =, 5,and -3.

3
2

Find the equation of the plane with intercept 3 on the y-axis and parallel to ZOX plane.
Answer

The equation of the plane ZOX is

y=20

Any plane parallel to it is of the form, y = a

Since the y-intercept of the plane is 3,

~a=23

Thus, the equation of the required planeis y = 3

Find the equation of the plane through the intersection of the planes

Ix—y+2z—4=0and x+v+:z-2=1( and the point (2, 2, 1)

Answer
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The equation of any plane through the intersection of the planes,
3Xx-y+2z—-4=0andx+y+z-2=0,is

(3x—y+2z-—4)+a(x+y+z-2)=0, where x e R (1)

The plane passes through the point (2, 2, 1). Therefore, this point will satisfy equation
(1).

(3x2-2+42x1-4)+a(2+2+1-2)=0
=243a=0
2
=a=—"
A

| b2

Substituting & = in equation (1), we obtain

h [ 2,

(3x—y+2z-4)-—(x+y+z-2)=0
=3(3x-y+2z-4)-2(x+y+z-2)=0
= (9x=3y+6z-12)=2(x+y+z-2)=0
= Tx=5y+4z-8=0

This is the required equation of the plane.

Find the vector equation of the plane passing through the intersection of the planes

F -[2f+2_:r'—f‘-ﬁ';) =7, f.[2f+5j+3£7)=‘v" and through the point (2, 1, 3)

Answer

The equations of the planes are r -(2f+ 2_}'—342) =Tand ,"'-(Ef +5)+ 3!.'?): 9

= F-(2i+2j-3k)-7=0 (1)

F-(zf+s_}'+3£]—9=n ~(2)

The equation of any plane through the intersection of the planes given in equations (1)

and (2) is given by,
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:—'-[[2?+2_}'—3£]+A[:f"+5_}'+3£]} 94+7

Fol(2+24)0 +(2+54) j+(34-3)k [=92+7 -(3)

The plane passes through the point (2, 1, 3). Therefore, its position vector is given by,
F=2i+2]+3%

Substituting in equation (3), we obtain

[2;‘“+_}—3%}.[[2+21]f—{2+51] }+[3A—3}£]=%+?

= (24+24)+(2+54)+(34-3) =94 +7

= 18A-3=04+7

=04i=10

10
g9

= A

.10
Substituting A :? in equation (3), we obtain

18 . - 3 -
.r_'-| —S."+ﬁ_;'+—ﬁ']—|?

9 9779

= 7+(387 + 68 +3k) =153
This is the vector equation of the required plane.

Find the equation of the plane through the line of intersection of the planes

x+y+z=land 2x+3y+4z=3which is perpendicular to the plane x—y+z =0

Answer

The equation of the plane through the intersection of the planes, x+ v+ 2z =1and

2x+3v+4z=35,is
(x+y+z-1)+A(2x+3y+4:-5)=0
= (244 1)x+(31+1)p+(4A41)z=(54+1)=0 (1)

The direction ratios, a;, by, ¢y, of this plane are (2A + 1), (3A + 1), and (4A + 1).

The plane in equation (1) is perpendicular to ¥—y+z=10
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Its direction ratios, a;, by, ¢, are 1, —1, and 1.
Since the planes are perpendicular,

aa, +bb, +ec, =0

= (2A41)=(3441)+(44+1)=0

= 34+1=0

1
3

= A=

. 1
Substituting 4 === in equation (1), we obtain

33 3
= x—z+2=0

This is the required equation of the plane.

Find the angle between the planes whose vector equations are
F-(zf+2_}'—3£]: 5and F-[}F—3j+5§]:3

Answer

The equations of the given planes are F-(2f+2_}'—315] =5and F-[EF—J}+5£:) =3
It is known that if #, and #, are normal to the planes, 7-n, =d, and r-1, =d,, then the
angle between them, Q, is given by,

Ay 1y

||

cos()=

(1)

n-ll

Here, 7, =2i +2j -3k and #, =3i -3 + 5k

=T
=)
=
I
—
]
-
+
It
e
|
Lad
=
S
—
Ladi
L
|
i
T
+
L
E
R
Il
]
L
1
bdi
—
|
lad
+
—
|
Lad
E——
L]
I
|
L
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Substituting the value of i1 -1, ﬁ,|and i, |in equation (1), we obtain
—15

V1743

= cos{d= .E

cos(J =

In the following cases, determine whether the given planes are parallel or perpendicular,

and in case they are neither, find the angles between them.
(@) Tx+5y+62+30=0and 3x—y—10z+4=0

(b) 2x+v+3z-2=0and x-2y+5=10

(©) 2x-2y+4z+5=0and 3x-3y+6z—-1=0

(d) 2x—y+3z—-1=0and 2x—y+3z+3=0

(e) dx+8v+z—8=0and y+z-4=0
Answer
The direction ratios of normal to the plane, L, :ax+bv+c,z=0, are a,, by, ¢; and

Loax+by+c,z=0are a,, b, c,

- !
LL,if =225
[

a, b
L LL . ifaa, +bb, +ce,=0

The angle between L; and L, is given by,

aa, +bb, +cc,

0 =cos”’
-,J'G,z + .F:rI: + c.'lz . \,"a_f + hf + c:

(a) The equations of the planes are 7x + 5y + 6z + 30 = 0 and

3x -y —-10z+4=0

Here, a; =7, by =5,¢c; =6
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il =3, .FJ: :_L(-: =10
ayaa, +bb, + e, = Tx3+5%(=1)+6x(-10) =—44 20

Therefore, the given planes are not perpendicular.

a,_?e’r1_5_jL_i.‘:'- -3

a, 3 b, -l ¢, —-l10 5

It can be seen that, ‘i « ‘ri;qi
a, b, o

Therefore, the given planes are not parallel.

The angle between them is given by,

1 Tx3+5x( ]} ﬁx{

O =cos
{ {‘i} fr} ><.,|I|' +(- }+{—I{I]
— cos™ 21-5-060
JI10xJ110
— ot 2
I
:ms;"E
5

(b) The equations of the planes are 2x+ yv+3z—2=0and x—2y+5=10
Here, @, =2, b =1, ¢, =3and a, =1 b,=-2,¢, =0

Loaa, +bb, +ec, = 2x1+1x(-2)+3x0=0

Thus, the given planes are perpendicular to each other.

(c) The equations of the given planes are 2x—2yv+4z+5=0and 3x—3y+6z-1=10

Here, a, =2, b -2,¢,=4 and
a,=3, b, =-3, ¢, =6 aa,+hb, +ce, =2x3+(-2)(-3)+4x6=6+6+24=36=0

Thus, the given planes are not perpendicular to each other.
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a4

Thus, the given planes are parallel to each other.

(d) The equations of the planes are 2x—y+3z—1=0and 2x - y+3z+3=0

Here, a, =2, b ==L, =3 and a, =2, b, =-1. ¢, =3
i:E: 1£:—I:]Hnd i:é:]

a, 2 b -l c, 3

a b ¢

.y hj C':

Thus, the given lines are parallel to each other.

(e) The equations of the given planes are 4x+8y+z—-8=0and v+z-4=10

Here, @, =4, b =8, ¢, =land a,=0. b, =1L ¢, =1
aid, +hb, +ce, =4x0+8x1+1=9=0

Therefore, the given lines are not perpendicular to each other.

a _4 i—ﬁ—g i—l—]

a, 0 b, 1 c, |

a b
A e Ay

L5 b: E.':

Therefore, the given lines are not parallel to each other.
The angle between the planes is given by,

Ax0+8x1+1x1 ¥ .

=cos |- =cos | - J:45r’
7

0= cos —_— —_— —
JE 8 1 J0 4 4 1 19x+2
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In the following cases, find the distance of each of the given points from the
corresponding given plane.

Point Plane

(a) (0, 0,0) Jx—dy+12z=:
(b) (3, -2,1) 2x—y+2:+43=0
(©)(2,3,-5) x+2y-2:z=9

(d) (=6,0,0) 2x-3y+6z-2=0

Answer

It is known that the distance between a point, p(xi, y1, z1), and a plane, Ax + By + Cz =

D, is given by,

Ax, + By, + Cz, - D|
Ja&spec? |

d= (1)

(a) The given point is (0, 0, 0) and the planeis 3x—4y+12z =

3% 0-4x0+12x0-3 3 3

\/(3}:+{—4}:+{|2}1 ‘_ Jieo 13

s

(b) The given point is (3, — 2, 1) and the planeis 2x—y+2z+3=1)

2x3-(-2)+2x1+3| [13| 13

d = T o =
Jy () | B3

(c) The given point is (2, 3, —=5) and the planeis x+2v—2z=9
N 2+2x3—2{:—5]—9‘ b
\/{I}: +(2'}’+{_—2}" 3

(d) The given point is (=6, 0, 0) and the plane is 2x—-3v+6z—-2=10

cod
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2(-6)-3x04+6x0-2| |-14| 14

d = 5 1 > |-
Jor+(-3) (o) | W41 7
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